
 

Lectures

In this lecture we'll start with an extremely

powerful method in whole of mathematics
group actions

Recall Cayley's Theorem Every group G is isomer

phic to a group of permutations
So if g e G g e Sn for some n and

hence g can be viewed as a permutation

The idea of an action of a group 8 to take this

point of view further
Let G be a group and Xt f be a set We'll

see two definitions of a group action

Definition 1 An action of G on X is a map



go G x X X and we'll sometimes write

Hg a g se ge G and ne X Soto

A satisfies the following properties

D H ne X ace a e se a

2 41g ach.se dlgh.se i e

g hose gh.se t g h CG ne X

So yr we see these things pictorially

ein

i e if we first look at h.se which will



be an element of X and then act by g
thus getting g hose c X or we act on se

by the element gh c G to get gh se the

end result should be the same

To see the second definition recall that

Ig X is a set them the

Pex f X x I f is a bijection
is a group under composition of functions

Definitions An action of G on X 8 a

homomorphism g G PIX

So an action is nothing but a homomorphism

Propositions Definition D and 2 are equivalent

Proof We will assume Definition D and



prove Definition 2 and then nice versa

Assume Def I ii e we have a map
a GxX X satisfying the two properties

We want a homomorphism

g G Pex

Define 4 g 0 C PCH where

or X X is given by ocxj dcg.se
Claims 0 do belongs to PEX

If the D Gcses D Gose g sez tf g CG
So take g e p e se se e xz sea

So se sez it is one one

Also for me X ace se 0Cx e x z

0 is onto

Thus the map G E Pci

Claims 9 is a homomorphism

For g he G



6 gh 5 where rose gh se
But from property 2 of Def 2 of an action
gh.se g hose 0,0oz x where

Aloe g se
52 x hose

D 6 gh D Motz 0cg ych

So G is a homomorphism D Def 2 is satisfied

Now assume Def2 ii e a homomorphism

y G pix

We want to find a GxX X whichsatisfies

the two properties

Define a GxX X by
x g se 4cg se

Note 6cg C PCX which is a bijection on X

so y g a makes sense



So Ice se Pce u

But g is a homomorphism D de _Id

D 2 e se Pce x Id se se

So property D is satisfied
For g he X

2 g a chin 2 g Gemini 4 g ohhh Cx

flgh x

L gh.ae

as 8 is a homomorphism Theis Def2 is

also satisfied

is

So one can work w any of the two definition
Let's see some examples of a group action

Exampled

1 Define 2 G xx X by



2cg x x tf GEX
Then for ee G Alex x

gidch.se 2cg se N and

A gh se se D 2cg achix L Cghix

fo d is a group action

2 Consider Sz t 42,3 42,3 for is
a bijection

and X 42,3 Define
do SzxX X by
Lfp E Oci Tess n'c X i.e

y OE Sss is for example 123 then

2ft 1 0113 2

ACT 2 012 3

L o 3 013

and similarly for all PE S3



Then d E i C i i f ie d 2,3

and d r NT is dir T.ci Totti

afoot i
Theis L is an action of Srg onto 42,39

Infact by the same procedure as above

2 Sh x 1,2 n 1,2 n

given by LCP E Oci re Sh ie 944 m

is an action of Sin onto 1,2 in

3 hut G be a group and let X G itself

Define 2 Gx G G as

2 gin g h gh
Then d e h e h In

2 g a Chik d g hk G HR gh 12

as Gis associative



Thus x is an action of G onto itself This is
called the left action of G onto itself

4 Let G be a group and let x G

Define a G x G G by
dCg h Ghg t g ch E G

L le h eh e h

d g d Chik d g h kh t g hkh 1 g I

h K gh
1

So 0 is an action of G onto itself called the

conjugate action or action by conjugation

Related to any action of G onto X we have

two sets

Orbit of an element in X

For see X the orbit of see X is



O algin g.ae geG
i e for me X look at the action of all

elements in G on se and collect them it

will be Ox Note that Ox EX t see X

Stabilizer of an element in X

for see X the stabilizer of u is

stab x g e G d g x Gose _x

i e it is the set of all those elements in G

whose action on se do not move se

Note Staben E G H see X

Note that due to property D eieDefnd of an
action e se K V see X I see X

e c Stub se D Stab n Of

In fact



Prep Stab Cn E G t see G

Proof Question an Assignment 5

Let's calculate Stabin for examples 3 and

4 above

3 Left action of G onto itself
Stab n g c G I dig u7 x

g c G1 g x x e

So in this case tf set G stab n e

4 Conjugate action of G onto G
for AEG

Stab a g c G d g a a

go GI gag a

ge GI ga ag
Cla the centralizes of a in G



So for the conjugate action the Stabilizer

of any g e G is Clg

The reason I introduced these objects is

that they are intimately related to each other

which is the content of the next theorem

theorem Orbit Stabilizer Theorem

Let G act on a set se There Are X

G Stab Coe 10 1 If G is finite then
since G stab x I GI 161 1stab 1.101

Steuben1

So the theorem is telling us that the of
distinct left or right cosets of Stabia in G is

precisely the cardinality of Oa



We'll prove this theorem in the next lecture

O x x o


